While much is now known, through surgery theory, about the classification problem for manifolds of dimension at least five, information about the automorphism groups of such manifolds is as yet rather sparse. In fact, it seems that there is not a single closed manifold M of dimension greater than three for which the homotopy type of the automorphism space Diff(M), PL(M), or TOP(M) in the smooth, PL, or topological category, respectively, is in any sense known. (As usual, Diff(M) is given the C°° topology, PL(M) is a simplicial group, and TOP(M) is the singular complex of the homeomorphism group with the compact-open topology.) Besides surgery theory, the principal tool in studying homotopy properties of these automorphism spaces is the concordance space functor C(M) = {automorphisms of M x /fixed on M x 0}. This paper is a survey of some of the main results to date on concordance spaces.
So to define p* we set/?*(/) = f°(p x idj), and/?*(^) we define via a local trivialization M x I x (fiber of p) of p x id 7 ,k large, we may assume / is an embedding, with a neighborhood of its image in N a disc bundle p: E -* M. Then/*: ^(M) -» <^(A0 is defined as the composition /*/?*, where /*: ^CE) -> <^(A0 is induced by the inclusion i\ E -+ N. With this definition of/*, it is clear that ^(-) becomes a homotopy functor on the category of compact manifolds (and continuous maps), or equivalently, on the category of finite complexes. One can trivially extend the domain of ^ to infinite (but locally finite) complexes by simply taking the direct limit over finite subcomplexes. (On a noncompact manifold this would amount to taking compactly supported concordances.) 2. Relation with automorphism groups. We will let A(M) stand for one of the automorphism spaces DirT(M), PL(M), TOP(M) of diffeomorphisms, PL, or topological homeomorphisms of M. For convenience we assume M closed, though the results in this section hold also for compact M provided everything is taken rel dM.
, setting p*(?F) -^ x (point foliation). Any other local trivialization is related to this one by a transformation of the form (m, t, x) -» (ra, t, $ m (x)), preserving/?*^), so p*(3?) is well defined. This defines p*: C(M)
The idea in trying to say something about the homotopy type of A(M) is to compare it with G(M), the //-space of self-homotopy equivalences of M, about which much more is currently known. For example, if M is a K{%, 1), then as an easy application of obstruction theory, G(M) ~ Out(^r) x ^(Center(7r), 1), where Out (ft) is the outer automorphism group of ft = 7TiM, i.e., automorphisms modulo inner automorphisms.
One can interpolate between A(M) and G(M) the space A(M) of block automorphisms of M. This is the simplicial group whose fc-simplices are automorphisms of M x A k which leave invariant each M x (face of A k
). A(M) contains A(M) as the automorphisms of M x A k preserving projection to A k . Similarly, one can define G(M), but clearly G(M) ~ G(M), and we shall regard A(M) as contained in G(M).
According to surgery theory, there is a fibration (see §17A of [29] 
) G(M)/A(M)-> (GjA) M -• D(M) where D(M) is Quinn's surgery space, G/A is G/O, G/PL, or G/TOP, and dim M ^ 5. This fits into a braid of fibrations

OD(M) QLf(M) G(M)/A(M) '
\ / * [15] . In this paper we will make no use of QLf(M).)
A(M)IA(M) G(M)/A(M) {GjAY where QU(M), the homotopy fiber of G(M)/A(M) -• (G/A) u , can be regarded as a fibered-surgery form of QD(M). (See
So information about G(M)/A(M) can be derived from surgery theory and information about A(M)/A(M).
The latter is intimately related to concordance spaces, as the following shows: PROPOSITION 
There is a spectral sequence with E\ q = % q C(M x IP) converging to x p+g+l (A(M)/A(M)).
We outline the construction of this spectral sequence. An element of
is represented by an automorphism ofMxP which preserves projection to P over dP. Let A(M x P) be the group of all such automorphisms, modulo the subgroup of those which preserve projection to P over all of P. Let C(M x P) be the group of all automorphisms of M x P x I which preserve projection to P x I over P x 0 U dP x I, modulo the subgroup of those preserving projection over all ofP x I. It is easy to verify that the natural map C(M x P) -• C(M x P) is a homotopy equivalence. There are fibrations
and hence a spectral sequence. The chain of homomorphisms
.
TCOA(M x P)
gives a filtration of Thus S(2g) = g + g, where the duality involution " -" on C(X) is induced by reflecting / through its midpoint. We shall show in Appendix I that " -" anticommutes with 2 (up to homotopy), so we may define a Z 2 -action on iz*<$(M), 
The brute force calculations of %$?(M) and %$>(M).
The first major result about concordance spaces was Cerf 's theorem that 7ToC Diff (M) = 0 if % X M = 0 and dim M ^ 5 [6] . (In the PL category this is a much easier theorem, due to Rourke [24] .) A refinement of Cerf's techniques yielded: THEOREM 3.1 (DifT, PL, OR TOP). For dim M ^ 5 there is a natural exact sequence
If the first k-invariant of M (in H 3 (7U\M; % 2 M)) vanishes, this is a split short exact sequence (but the splitting is not natural).
For a ^-module A, H$(%\ A)
is just A modulo the ^-action. In the present case, % X M acts in the usual way on % { M (hence by conjugation on itself) and trivially on Z 2 . Wh 2 (%iM) is a certain quotient of K 2 Z [K\M] .
In the smooth category this theorem is proved in [14] for dim M ^ 6. (The case dim M -5 is due to K. Igusa.) However, when I wrote Part II of [14] , I was not aware that I was using the vanishing of the A>invariant in Lemma 3.7, p. 262. (Igusa pointed out the error.) The lemma is actually false without the A>invariant hypothesis, but as far as I know the theorem may not require it. Volodin [27] announced the result without any restriction on ^-invariants.
For the PL and TOP categories, one can show (see [23] ) that TCQC(M) depends only on a neighborhood of the 3-skeleton of M, which can be smoothed, and then appeal to the equivalence C FL 4. The isotopy classification of automorphisms of the «-torus. A good example for the preceding machinery is the calculation of % Q A{T n ), n ^ 5, for A = Diff, PL, or TOP. The steps go as follows.
(
, and the map A(T n ) -> G(T n ) has a section up to homotopy. Hence there is a split exact sequence 
(4) The preceding steps give the case A = TOP. For A = PL or Diff we consider the diagram
This shows % x G(T»)/A(T») « % x A(T»)/A(T») ® % x G(T»)/A(T«). (5) Again from surgery theory [25]
,
Similarly,
;nG(^)/PL(r«)«Qz 2 .
Thus we have:
REMARKS.
(1) This result was obtained also by Hsiang-Sharpe [15] .
(2) The same analysis allows one to compute %$ A(T n x D k rel 3), n + k ^ 5, with no extra work. We leave this to the reader.
(3) The split extensions in 4.1 are nontrivial. The conjugation action of GL(w, Z) on
is induced by the usual action of GL(«, Z) on Z w , the monomials. The action on (g)Z 2 * H n -£T»; Z 2 ) and 2(?)/Vn « 2H n^( T»; r i+ i) just comes from the action on 7X
(4) The automorphisms in the subgroup Z?? a %$ A(T n ) are diffeomorphisms which are concordant (smoothly) but not isotopic (even topologically) to the identity. These are rather delicate creatures, (a) They are annihilated by lifting to 2-fold covers (an observation of Laudenbach), hence by covers of any even order; also by certain odd order covers (depending on the diffeomorphism).
) any automorphism concordant to the identity is isotopic to the identity [13] . To finish this section we will describe an explicit construction due to Farrell (unpublished), of a diffeomorphism/:
(n large) which is concordant to the identity but not obviously isotopic to the identity (everything rel 3 here). To show that / i s in fact not isotopic to the identity seems to require most of the machinery of [14] . A simpler proof of this would be quite welcome.
Embedding The construction actually gives a concordance from Dg -1 to D" 1 , namely the trace of the two surgeries, that is,
where h { and / z m are the /-and (/ 4-l)-handles, respectively.
The functor <g stabilized.
Besides the stability Theorem 1.1, the other fundamental general result about concordance spaces is Morlet's Lemma of Disjunction. This is stated in terms of spaces of concordances of embeddings, defined as follows:
For published proofs see [5] or [22] . 
The two fibers are homotopy equivalent, essentially because one can shrink con- PROOF. %^S{X, This is quite an amazing result. In the older approach to smooth concordance spaces, begun by Cerf, one studies /^-parameter families of C°° functions M x I -+ I, and the first problem one encounters is the local one of understanding the singularities of codimension ^ k. For example, when k ^ 4 one encounters Thorn's seven "elementary" catastrophes (these are all actually used in Igusa's work on TTIC(M) mentioned in §3). The complexity of these singularities increases rapidly with k, and they have only been completely classified (by Arnold) for relatively small values of k. So as an approach to smooth concordance spaces, this seems hopeless in general. Fortunately, the theorem gives an alternative approach in terms of PL concordance spaces, which are considerably more tractable as we shall see in § §6 and 7 below. Theorem 5.5 is proved by considering the diagram
The horizontal arrow labelled a homotopy equivalence is such because ^^miX, *) ~ * by 5.4. The other homotopy equivalence follows from the fact that 7£* ^PLOC *)/^Diff(X> *) i s a homology theory (hence already stable), which comes from fibered smoothing theory-see [4] for details. Recall from §3 that ^o^ffC*) = ®> but ^l^DiffC*) * s a group of order four. Nothing is yet known about 7r^D i f f (*) for / > 1. A very interesting question is whether or not TZ* ^Diff(*) * s a^ torsion. 1 REMARK. According to [4] , 7C^p L {X, *) can also be described as the homology theory associated to the spectrum *See note added in proof, below.
TopQz + 1) / Top(n)
0(n 4-1) / 0(n).
Higher simple-homotopy theory.
According to the usual pattern, one takes a geometric problem, reduces it to a homotopy problem, then tries to attack the homotopy problem by the big algebraic topology machine. In this section we describe part of the reduction of <^P L to homotopy theory, though the homotopy theory which arises is not of the usual sort: It is a higher simple-homotopy theory, generalizing J. H. C. Whitehead [30] . In the following section ( §7) this higher simple-homotopy theory is then related to more usual constructions in homotopy theory. One can anticipate that within a few years the algebraic topologists will have done something with this homotopy theory to make the whole program worthwhile.
As a motivation for higher simple-homotopy theory, we pose the following: Problem 6.1 (fibered obstruction to finiteness). Let %\ E-+Bbe a fibration, with B a finite polyhedron and with fibers homotopy equivalent to a finite polyhedron X. Is 7i fiber-homotopy equivalent to a fibration %': E' -> B such that (a) E' is a finite polyhedron and %' is PL? (b) %' is the projection of a locally trivial bundle with fiber a compact PL manifold M and structure group PL(M)?
(c) E' is a compact ANR and % is a proper map? It can be shown that (a), (b), (c) are equivalent (see [7] , [8] for (c)); we will focus on (a).
By a polyhedral version of the path space construction, one could easily construct a PL fibration % \ E' -» B fiber-homotopy equivalent to the given %, with E' an infinite polyhedron. On the other hand, if % is required only to be a quasifibration, then E' can be taken to be a finite polyhedron (and in fact, one can take all fibers to be PL homeomorphic to X). The problem is to have both E' finite and % satisfying the covering homotopy property. Problem 6.1 can be reformulated as a lifting problem. As is well known, % is classified by a map B -> BG(X), where G(X) is the //-space of self-homotopy equivalences of X. One can construct a universal space B(X) for PL fibrations of finite polyhedra, as follows. B{X) is the simplicial set whose &-simplices are the PL maps TZ: E -> A k satisfying the covering homotopy property, with E a finite polyhedron and fibers ^ X. There is a natural forgetful map B(X) -> BG(X), and Problem 6.1 becomes the lifting problem:
B->BG(X)
B(X) has an amusing heuristic interpretation, as "the space of all finite polyhedra of the homotopy type of X'\ or more precisely as the singular complex of this "space". For the fibers of a /c-simplex %\ E-* A k in B(X) form a "continuous" A>parameter family of finite polyhedra, the "continuity" being expressed in the covering homotopy property for %.
The space B{X) can be related to Whitehead's simple-homotopy theory. Recall the basic notion of an elementary collapse, sometimes written L 0 \ e L h where L 0 is Li with a ball attached along one of its faces. Collapsing (projecting) the ball to this face induces the map L Q -» L x . The equivalence relation on finite complexes generated by elementary collapses is, by definition, simple homotopy equivalence.
A nice generalization of elementary collapse is given in the following definition (in the polyhedral category, for convenience):
The definition is due to M. M. Cohen [9] , who used the term "contractible mapping". (In a somewhat more general setting the terminology "CE map" or "celllike map" is also used.) Cohen proved that a simple map is a simple homotopy equivalence.
Let S be the category of finite polyhedra, with morphisms the simple maps. (It is easy to verify that simple maps are closed under composition.) The classifying space BS is then defined; it is the simplicial set whose A>simplices are the chains
Note that TZQBS is just the set of simple homotopy types of finite complexes, since simple maps generate the relation of simple homotopy equivalence.
Let BS X denote those components of BS containing polyhedra of the homotopy type of the given X. 
In view of the lifting problem (6.2), one is interested in the homotopy-theoretic fiber of B(X) -> BG(X). This will be described using the following: FUNDAMENTAL DEFINITION. S(X) is the category whose objects are finite polyhedra containing the given finite subpolyhedron J a s a deformation retract, and whose morphisms are the simple maps restricting to the identity on X. THEOREM 
[12]. BS(X) -* B(X) -+ BG(X) is a fibration, up to homotopy.
Thus obstructions to solving Problem 6.1 come from %* BS(X). Whitehead's fundamental theorem can be reformulated (much along the lines of [10]) as the calculation %QBS(X) « Wh^iX), the algebraic Whitehead torsion group, a quotient of KiZ\% x X\ As an example, let/: X-» Xbe a homotopy equivalence with nonzero torsion, inducing the identity on % X X. Let T(f) be the mapping torus, and 7c: E-* S 1 the path space construction applied to the obvious projection T(f) -> S 1 , so that % is a fibration with fibers ^ X. Then the answer to 6.1 is negative; the torsion of/is the obstruction (see [7] for more details).
Now to relate BS(X) with concordance spaces, let I b e a compact PL manifold.
Then there is a natural map of BC ?L (X) to the homotopy-fiber of B(X) -• BG(X),
since BC FL (X) classifies PL bundles with fiber X x /, trivialized on the subfiber X x 0 (so, projection X x J -» X x 0 induces a fiber-homotopy trivialization). Stabilizing, one obtains a map of B<g VL {X) to the homotopy-fiber of B(X)-+ BG(X). THEOREM 
[12]. The natural map of B<g PL (X) to the homotopy-fiber BS(X) of B(X) -+ BG(X) is a homotopy equivalence onto the identity component of BS{X).
The other components of BS(X) correspond to nontrivial /z-cobordisms on X. Indeed, 6.5 can be regarded as a parametrized /z-cobordism theorem, in the PL category.
A natural question is, does B<g DiH (X) also have a categorical description? One obvious candidate is the category E(X) whose objects are the same as those of S(X), but whose morphisms are the finite compositions of elementary collapses. Then is B<g Diii (X) homotopy equivalent to the identity component of BE(X)1 7. Waldhausen's "Quillenization" of # P L . Waldhausen's basic idea is to imitate the exact sequence defining Whi(7u),
where: (a) Wh(X) is a delooping of BS(X), hence a double delooping of <g PL (X) . (This differs from the notation of [12], where "Wh{X)" was equal to BS(X).) (b) K(X) is "the algebraic ^-theory of the topological space X " Waldhausen defines this (he calls it A(X), but we have already used the letter A for automorphism spaces) using a very nice generalization of the Quillen g-construction, but it seems that a plus-construction is also possible, and we give this definition. Let GL(X n ) be the //-space of homotopy equivalences X n VJ=i S) -• X n Vy = i S) rel X n , stabilized over k and /, where {X n } is the Postnikov tower of X (One needs / > n in order to get canonical retractions X n \J k j= \ S) -• X n by means of which the stabilization with respect to / is defined.) We would like now to let GL(X) = lim M GL(X n ), though strictly speaking, inverse limits are not generally defined. Nonetheless, there is an //-space GL(X) which is the inverse limit of the system {GL(X n )} in the same sense that a space is the inverse limit of its Postnikov tower. For all practical purposes one can just choose large finite values / > n > 0, and only let k -> oo, which is no problem. As an important special case, GL(*) is (exactly) the //-space of base pointed homotopy equivalences of V/=i S'j, stabilized over k and / in the obvious way. 
DEFINITION. K{X) = BGL{X)
+ x K^(Z% X X) 9 where " + " is with respect to the commutator subgroup of TZ X BGL{X).
(c) %*h{-; K(*)) is the homology theory associated to K{*) (all the spaces in 7.1 are infinite loopspaces). See [28] . Waldhausen defines the higher Whitehead group Wh t {%) as %iWh{%). For f ^ 2 this agrees with earlier definitions. For / = 3 it is the Wh\\%) of §3. According to the main result of [28] , Wh{%) is contractible for a large class of groups, e.g., free abelian groups.
(g) The map K(X) -> K{Z% X X) is induced from BGL(X) -> BGL{Z% X X\ the first stage in the Postnikov tower for BGL{X).
REMARK. The map 2U -• GL(Z) factors through GL(*), as permutations of the spheres in VyLi $*;• Hence n* -» K*{Z) factors through 7r*K{*).
An immediate consequence of the definitions and 7.2 is:
is a Q-equivalence. In particular, K{*) ->K{Z) is a Q-equivalence; hence also Wh(B%) -> Wh(jz).
Thus if 7r is in Waldhausen's class of groups for which Wh{n) ^ *, Wh{B%) is a torsion space, in both senses! Going back to § §2 and 4, we can conclude from 7.3 as a very special case: One approach to studying K{X) might be to take the Postnikov tower {BGL{X) n } for BGL{X) and apply the plus construction. Thus one would have fibrations
which is impossible. Can it be that the trouble is in the commutativity of the diagram?
Appendix I. A product formula for concordances. Let M and N be compact manifolds. The product map p:
For the proof it will be convenient to replace C(X) by the space C\X) consisting of automorphisms of (X x /, X x 0, X x 1) which preserve projection to / over dX, modulo the subgroup of automorphisms preserving projection to / over all of X. It is easy to see that the natural map C(X) « C(X rel dX) -> C'{X) is a homotopy equivalence. In C'(X) the duality involution "-" is easily defined as conjugation by id x x r, where r: I -> I is reflection through the midpoint. The stabilization map 2: C'(X) -• C\X x /) looks just like it does in Q T r e l dX); see Figure 1 in §2.
LEMMA. 2 anticommutes with -, up to homotopy.
A proof is suggested by the following pictures:
The two large rectangles in (a) represent 2g and 2g; the two smaller squares are isotopies (level preserving), hence trivial in C'{X x /). The whole of (a) is clearly isotopic to (b), itself an isotopy, hence trivial in C'{X x /). Thus 2g + 2g ^ 0. PROOF OF THE PROPOSITION. For convenience we choose the smooth category and assume N is closed. Let g e C'{M). As in Figure 4 below, first deform g x id^ to G in C\M x N) by shrinking vertically the support of g on each slice M x {x} x [<f>(x) -e, <fi(x) + e], where $: N -> (0, 1) is a Morse function. Then deform G  to G' by tilting the slices M x {x} x [(f>(x) -e 9 <j>(x) + e] so that they are horizontal away from the critical points of $, and so that near a critical point of index p, G' is just (T~y (2) n -i> (g).By the lemma, this equals ( -1)^ i (g). Summing over all critical points of ^ gives the result.
8
x *<W G Anderson and Hsiang have shown in [1] that the functors K^{ have an interesting geometric application to the problem of existence and uniqueness of triangulations of locally triangulable spaces. Roughly speaking, what they show is that, away from dimension 4 and apart from obstructions which arise already in the case of closed manifolds, the only other obstructions to the existence and uniqueness of triangulations are K-{ obstructions. It seems that this phenomenon should persist in the automorphism spaces of a polyhedron, namely that the differences between PL and TOP stem from the manifold case and from K-{ obstructions.
ADDED IN PROOF. Farrell and Hsiang, using Waldhausen's work, have now shown that 7r/^D if f(*) ® Q « K i+2 {Z) ® Q, which is now to be Q for / = 3, 7, 11, • • • and zero otherwise. From this they can compute the rank of 7r,Diff (S n ) and 7CiDiS(T n ) 9 i <c n. In particular, for odd n ^ 37, neither 0(n + 1) -> DifT^) nor Diff(r«) -> G (T n ) is a ^-equivalence !
